ABSTRACT With the formulation of the gauge group as a Banach-Lie group of suitable Sobolev type, the Cauchy problem for the Yang-Mills equation in physical space-time reduces rigorously to the case o e ral gauge. In this gauge there exist spatially global strong solutions for given data for field and potential that are L2 together with one or two derivatives (respectively). Regarding global existence in time, there is strong unicity, strong existence unless the potential becomes unbounded, and existence of a quasi-solution for arbitrary finiteenergy Cauchy data. The variety of solutions of the equations is endowed with a canonical symplectic structure. This structure is degenerate to an extent precisely reflecting gauge-invariance and is conformally invariant. The equations introduced by Yang and Mills (1) with A E L2,2(S,G) X R3, E e L2,1(SG) X R3, and B e L2,1(SG); The publication costs of this article were defrayed in part by page charge payment. This article must therefore be hereby marked "advertisement" in accordance with 18 U. S. C. §1734 solely to indicate this fact.
spectively). Regarding global existence in time, there is strong unicity, strong existence unless the potential becomes unbounded, and existence of a quasi-solution for arbitrary finiteenergy Cauchy data. The variety of solutions of the equations is endowed with a canonical symplectic structure. This structure is degenerate to an extent precisely reflecting gauge-invariance and is conformally invariant. The equations introduced by Yang and Mills (1) , cited here as YME, are of exceptional mathematical and physical interest. This note summarizes results of an initial study of general features of the equations, particularly those involved in the formation of an appropriate phase space. It is emphasized that our concern here is with classical solutions of the equations and not with the putative association of a quantized field and that I study the equations in their original form, on physical space, rather than, as in a number of recent studies, on euclidean space or a compactification thereof. The equations are thus hyperbolic and so lend themselves to a functional-analytic evolutionary approach such as in ref. 2. Our considerations apply to the chronometric space-time R' X S3 given certain physical applications in ref. 3 with A E L2,2(S,G) X R3, E e L2,1(SG) X R3, and B e L2,1(SG);
Z(A,E,B) = (-E, -V X B, V X E); K((A,E,B) = (O,e[B, X A], -e[E, X A])
, where e is a constant. To these must be added the fixed-time constraint, which takes the form V -E = e[A,.E], andis conserved by the nonlinear semigroup. 4638
The publication costs of this article were defrayed in part by page charge payment. This article must therefore be hereby marked "advertisement" in accordance with 18 U. S. C. §1734 solely to indicate this fact. of a sequence juI of solutions of the equations u' = Zu + K.(u), where IKnI is a sequence of operators in B such that K1,(u) -K(u) for all v e C@-(Z). The energy of given Cauchy data for a solution of the YME is (1/2) fs < E(x),E(x) > + <B(x),B(x)>)d3x, where E = (F10,F20,F30) and B = (F32,Fj3,F2A ), where Fi1 = bjAj -bj& bi = 616xi. THEOREM 3. There exists globally on space-time a quasisolution to the YME in the temporal gauge (formulated as earlier as defining a nonlinear semigroup), having arbitrary given finite-energy Cauchy data.
On the other hand, as is often the case for generalized solutions of nonlinear equations that are obtained by weak processes, the formal question of the satisfaction of the YME by the quasi-solution lacks precise mathematical meaning.-Formally speaking, the solution manifold of an evolutionary differential equation describing a conservative physical system, or formally equivalently, the Cauchy data space for the solutions, may be regarded as the phase space of the system: each point of phase space describes a possible state of the system. A fundamental feature of a normal phase space is its symplectic structure, which is connected with Poisson brackets and the hamiltonian formalism, as well as the commutation relations for the quantization of the linearized equations (cf. ref. 3) .
Notwithstanding the nonlinear fixed-time constraints and the desideratum of gauge-invariance, the YME exhibit these features. To avoid presently extraneous issues, it is convenient to use slightly generalized notions of variety and tangent vector. Then Q is gauge-invariant and nondegenerate modulo gauge transformations, in the sense that its radical is spanned topologically in L2(S) (in the temporal gauge) by vectors gauge-equivalent to zero. Moreover,! in! the case of chronometric space, Q is conformally invariant.
Gauge invariance is straightforward, whereas conformal invariance reduces to invariance under special transformations which follow by computations similar to, although more elaborate than, those for the corresponding scalar case, 0C0= 3. The indicated structure for the radical [i.e., vectors A' such that U(A',X) = 0 for all XI follows from the observation that the vectors indicated below are in the radical, together with a Hilbert space argument. Physical discussion The partial degeneracy of Q has an interesting connection with the question of measurability for the field components e and b of a tangent vector, which physically represent a perturbation of the background field E and B, corresponding to the potential A satisfying the YME. Because of this partial degeneracy, it is possible for nonvanishing field components e and b of such a perturbation to represent a physically vanishing perturbation, except in the familiar case when the background field itself vanishes. The linearized equations are then simply the Maxwell equations, and nonvanishing e and b can then never be made to vanish by a gauge transformation. At any other potential in the solution manifold, however, there do exist such nonvanishing e and b; more specifically, if f is arbitrary in C'(S, G), Thus, the first-order physical perturbations at a given potential are even locally not represented simply by the fields e and b but properly require residue classes of such fields. This is a particularly clear-cut instance of a general phenomenon of ambiguity in the measurability of fields satisfying perturbations of Maxwell's equations.
